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ABSTRACT

The binary quadratic equation represented by the positive pellian y2 = 35%% + 29 is analyzed for its distinct

integer solutions. A few interesting relation among the solutions are given. Employing the solutions of the above
hyperbola, we have obtained solutions of other choices of hyperbolas and parabolas
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1. INTRODUCTION
The binary quadratic Diophantine equations are rich in variety. The binary quadratic equation of the form

y2 = Dx? +1where D is non square positive integer has been satisfied by various mathematician for its non-

trivial integral solution. When D takes different integral values [1-4]. In [5-15] the binary quadratic non-
homogeneous equation representing hyperbolas respectively are studied for their non-zero integral solutions.

This communication concerns with yet another binary quadratic equation given by y* = 35x* + 29 .The

recurrence relation satisfied by the solutions x and y are given. Also a few interesting properties among the
solutions are exhibited.

2. METHOD OF ANALYSIS
The positive Pell equation representing hyperbola under consideration is

y? =35x* +29 @)
whose smallest positive integer solution is

X =1,Y,=8
To obtain the other solutions of (1), consider the Pell equation

y? =35x% +1
whose smallest positive integer solution is

X, =1,Y,=6

whose general solution is given by

where

g, =(6++35)" ~(6-+35)"

Applying Brahmagupta lemma between (XO, yo) and (Y Vn) the other integer solutions of (1) are given by
4
f T

yn+1_4f +_gn

1
X ==
2

n+1l

The recurrence relations satisfied by x and y are given by
12Xn+2 +l = O

yn+3 -12 Yoo tYnu = 0
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Some numerical examples of x and y satisfying (1) are given in the Table: 1 below:

Table: 1 Numerical Examples

n Xn+l yn+1

-1 1 8

0 14 83

1 167 988

2 1990 11773

3 23713 140288
4 282566 1671683

From the above table, we observe some interesting relations among the solutions which are presented below:;

1. X,,; &Y,,; values are alternatively odd and even .

2. Relations among the solutions
> Xoi3 _12Xn+2 + X = 0

Yo — X2 +6%,,, =0

Yni2 =6Xpp0 + X1, =0

Yois — 11X, +6X,,, =0
12y, + 71X, —X,,3 =0
2Yn2 + Xpup — %3 =0

12y, .+ X, — 71X, =0
Yniz =6Yni —35%,,, =0
Yniz = 1Y,y — 420X, =0
6Yni1 = Yo 35%,,, =0
6y — 71y, —39X,,4
Yo + 71X, —6X,,5=0
Yniz 6% = X3 =0

=0

VvV V.V V V VYV V V V V V V

Yoz T Xo2 — 6Xn+3 =0

6Yni2 = Yna —39%,, =0
6X1.20 = X3+ Yoe =0
12Y2 = Yo = Yna =0
35%y,1 + 71y, =6Y,,3 =0
35%3 + Yni2 =6Ynis =0
Yo +420%, 5 =71y, ;=0

n+2

YV V. V VYV V V

3. Each of the following expressions represents a nasty number

> i(%xzm —996Xx,,,, +348)
29
1

> §(24x2n+4 —2964x,,,, +1044)

> %(%ym2 —420Xx,,,, +348)
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> %(48 Vo — 2940X,,., +1044)

> 2059(96y2n+4 70140x,,,, + 24708)

> 2i9(996x2n+4—11856x ,+348)

2N+

> 8%(498y2n+2 —210x,,,, +1044)
1
> 2—9(996y2n+3—5880x2n+3+348)
> 817(498y2n+4 —35070x,,,, +1044)
1
> ﬁ(llsseym —420x,,,, + 24708)
> i(5928y2n+3 —2940X,,,,, +1044)

> ( 1856Y,,,, — 70140x,, ., +348)

> i (168y2n+2 12y2n+3 + 348)
29
> 8% (501y2n+2 - 3y2n+4 + 1044)
1
> o5 (2004y,, , —168y,, ., +348)

4. Each of the following expressions represents a cubical integer
ol

> o 16X,,,, —166X,,., + 48X, —498x |
> i7[4 ss — 494X, L +12X , —4482x_, |

> 2i9 [16y3n+3 - 70X3r1+3 + 48 yn+l - 210Xn+1]

> i7 [8y3n+4 - 490X3n+3 + 24yn+2 _1470Xn+1]
> 2015 [16y,,,. —11690x,, , + 48y, ,, —35070x , |

> o [166x3n+5 —1976X,,,, +498X,,, —5928x_, |
> % [83y3n+3 - 35X3n+4 + 249yn+1 _lOSXn+2]
- I8y, ~980x,,, + 498y, , ~2940x,, ]

i? [83y3n+5 - 5845X3n+4 + 249yn+3 _17535Xn+2]
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> i [1976y3n+3 - 70X3n+5 + 5928yn+1 - 210Xn+3]

2059
- [088y,. 490k, 5 +2964y,., ~1470x,

[1976y,, .. —11690x,, . + 5928y, , —35070x ,|

1

29 3n+
1

> 2_9 [28 y3n+3 -2 y3n+4 +84 You — 6yn+2]

1

> m [167 Yaniz = Yanis T 501yn+1 - 3yn+3]

> Zig [334y3n+4 - 28y3n+5 +1002yn+2 _84yn+3]

5. Each of the following expressions represents a bi-quadratic integer

>-%hmmy4%MM+M@m—%mmﬁ4m]

> §¢wwf4mmm+mgm—mmgm+&ﬂ

7
> %[16y4n+4 - 7OX4n+4 + 64'y2n+2 - 280X2n+2 +174]
1

g [8 Yanis — 490X4n+4 +32 Yonia _1960X2n+2 + 522]

> QLﬁwa4m%MM+an—%mmmﬁ4wm]

2059
>-%h%mm—mmmm+%mmr7%mmﬁmm

> 8% [83y4n+4 - 35X4n+5 + 140X2n+3 - 332y2n+2 + 522]

>-%h%hm—%wmﬁﬁmhw—wmgm+ﬂ4

> %@WW(5M&Wﬁ3%hM—B%Wmﬁ5ﬂ

> QLhwwerwwﬁJ%@me%@M+m%4
2059

> éﬁ%@WVA%MM+w&wM—wm&M+mﬂ

>-%hwwwf4mwmm+mmhm—%mmmﬂ4m]

1
> E [28y4n+4 - 2y4n+5 +112y2n+2 _8y2n+3 +l74]

> i [167 y4n+4 - y4n+6 + 668y2n+2 - 4y2n+4 +1044]

174

> 2i9 [334y4n+5 - 28y4n+6 +1336y2n+3 _112y2n+4 +174]
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6. Each of the following expressions represents a quintic integer

1
> _9[16X5n+6
1
> _7[4 5n+7
1
> E[lesms -

1

—166X5,,5 +80xy,.,

494X5n+5 + 20X3n+5

—830x,,,,; +160x,.,

2470X%,,,, +40X, 5

ISSN: 1390-8596

—1660x, |

—4940x_, |

70X5n+5 + 8oy3n+3 - 350X3n+3 +160yn+1 - 700Xn+1]

1B~ 490k, 5 + 40y, ~2450%,,., +80,,, ~4900X,,

> s ——[16y;,., —11690x,, .. +80y,, .. —58450x,, ., +160y, ., —116900x , |
> ig [166Xx,,,, —1976X,, ., +830X,,,; —9880x,, , +1660x, ., —19760x ., ]
> i? [83y5n+5 - 35X5n+6 + 415y3n+3 _175X3n+4 + 830yr1+1 - 350Xn+2]

>
» ——|1976
2059[ y5n+5
>
87
>
29
>
29
5 1
174
> L [
29

Remarkable observations:

% [166y5n+6 - 980X5n+6 + 83Oy3n+4 - 4900X3n+4 + 1660yn+2 - 9800Xn+2]

- 183Y41., ~5845%, 5 + 4157,,.5 ~29225%,,, +830y, , ~58450%, ]
70x Ko7 T 988oy3n+3 - 350X3n+5 +19760yn+1 - 700Xn+3]
e [988y5n+6 - 4'90)(5n+7 +4940 Yania — 2450X3n+5 + 9880yn+2 - 4900Xn+3]

£l [1976y,,., —11690x,,., + 9880y, — 58450, +19760y, , —116900X ;|

1
[28y5n+5 2y5n+6 _1Oy3n+4 +140y3n+3 + 280yn+1 - 2Oyn+2]

[167 y5n+5 y5n+7 - 5y3n+5 + 835y3n+3 _10yn+3 +167Oyn+1]

—[334ys,.6 — 28Ys,,; +1670y,, s —140y,, , +3340y,,, — 28Y,.;]

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other
choices of hyperbola which are presented in the Table: 2 below:

Table: 2 Hyperbolas

Hyperbola (x ,Y)
S. No
1 X% _-35Y2=841 (8X,,. Xo1 5 14%, 1 =%,
2 X?-35Y2=121104 (8X,.. 988xn+1 167X, — X, 3)
3 X?-35Y%2=841 (8yn+l X1 18X — Yn+1)
4 X2 -35Y? =30276 (8Y,., — 490xn+1 83X, Vr.o)
5 X2 —35Y2 = 4239481 (8Y,,, —5845X,,,,988X,.; — ¥y.5)
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6 X?2_-35Y2=841 (83,5 —988X,,,,167x,,, —14X )

7 X ? —-35Y 2= 30276 (83yn+1 35X Xni2 ’8Xn+2 _14Yn+1)

8 X 2 - 35Y 2= 841 (83yn+2 - 490Xn+2 183Xn+2 -14 yn+2)

9 X2 _-35Y2=30276 (83y,,, —5845x._,,988x, ., —14y, )
10 X2 _35Y2 — 4239481 (988y,,, —35X,.5., 8X,.s ~167Y,.,)

11 X? -35Y2 =30276 (988y,,, —490x..,,83x, ., —167Y, ,)
12 X2 _35Y% =841 (988y,,; —5845x,,;, 988X,,; —167Y,,5)
13 35X 2 —Y? = 29435 14y, = Yni2 182 —83Y,1)

14 35X 2 —Y?2 = 4238640 (167, — Vo.5,8Y,,s —988Y,.,)

15 35X 2 Y% =29435 (167y,,, —14y,,,,83y,,, —988y,.,)

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other
choices of parabola which are presented in the Table: 3 below:

Table: 3 Parabolas

Parabola (X ,Y)
S. No
1 29X —70Y? =841 (8%,.5 83Xy, 14X, — X .,)
2 174X —35Y? = 60552 (8x,,., —988X,,., ,167x —X,.5)
3 29X —70Y? =841 (8Y,., —35%,,,,.8X yn+1)
4 87X —35Y2 =15138 (8,5 —490x,, ., ,83 X1 = Yoiz)
5 2059X —35Y % =4239481 | (8Y,,,, —5845X%,,,,,988X,., — V.5 )
6 29X —70Y?% =841 (83x,,,., —988x,,.,,167x,,, —14x )
7 87X —35Y2 =15138 (83Y,,.., —35X,,,3,8X., l4yn+1)
8 29X —70Y2 =841 (83y,,,5 — 490x2n+3,83xn+2 ~14y )
9 87X —35Y2 =15138 (83y,,,, —5845x,,.,,988x, ., —14y, ..)
10 2059X —70Y 2 =4239481 | (988y,,,, —35X,,.,.8%,.5 —167Y, ;)
11 87X —35Y2 =15138 (988y,,,, — 490x2n+4,83x ~167y,.,)
12 29X —70Y?2 =841 (988y,,,, —5845X,,.,,988x ., —167Y, ;)
13 1015X —2Y 2 = 29435 (14Y,,.» — Yori383Yris —8Yisz)
14 6090X —Y 2 = 2119320 (167Y,.p = Y21.4.988Y,., —8Y,.5)
15 1015X —2Y 2 = 29435 (167y,,,5 —14Y,,..,,988y, ., —83y,.5)

3. CONCLUSION
In this paper, we have presented infinitely many integer solutions for the hyperbola, represented by positive pell
equation is given by y2 =35x% + 29. As the binary quadratic Diophantine equations are rich in variety, one

may search for the other choices of Positive Pell equations and determine their integer solutions along with
suitable properties.
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